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Introduction
Numerical approaches are usually employed to solve elastostatic problems for analysis and design purposes. Various types of numerical approaches such as Finite Element Method (FEM), Boundary Element Method (BEM), and Scaled Boundary Finite Element Method (SBFEM), are commonly used to solve two-and three-dimensional (2D and 3D) elastostatic problems.
The use of the FEM is popular since its procedures are well-established and versatile in nature (see for example, Gan et al. (2005) , Papanicolopulos et al. (2009) , Rashid and Selimotic (2006) , and Zienkiewicz and Taylor (2000) , among others for solving 3D problems).
The BEM principally requires reduced surface discretizations, and may be regarded as an appealing alternative to the FEM for elastostatic problems (see for example, Banerjee and Henry (1992) , Chen and Lin (2010) , Cruse (1969) , Denda and Wang (2009) , Masters and Ye (2004) , Milroy et al. (1997) , Mittelstedt and Becker (2006) , Pan and Yuan (2000) , Turco and Aristodemo (1998) , Wang and Denda (2007) , and Wu and Stern (1991) , for 3D problems). As the BEM requires no domain discretization, fewer unknowns are needed to be stored. The BEM needs a fundamental solution for the governing differential equation in order to derive the boundary integral equation. This means that the BEM requires fundamental solutions that are dependent on the problem of interest. Although coefficient matrices of the BEM are much smaller than those of the FEM, they are usually fully-populated, non-symmetric, and non-positive definite.
Combining the advantages of the BEM and the FEM, the SBFEM has been successfully developed by Wolf (2004) . By transforming the governing partial differential equations to ordinary differential equations, the SBFEM discretizes only the domain boundary of interest with surface finite elements. The SBFEM, which does not require any fundamental solution as for the BEM, has also been used for the analysis of 3D elastostatic problems (see Doherty and Deeks (2003) and Song (2004) 
among others).
In addition to the above-mentioned numerical methods, some other analytical and semi-analytical methods have been presented to solve the 3D elastostatic problems. Gao and Rowlands (2000) have developed a new hybrid experimental-analytical/numerical method for stress analysis of finite 3D elastostatics problems. Li and Fan (2001) have considered 3D interface inclusion problem based on the representations of displacements and stresses in term of Love's strain potential and Hankel transform technique. Kucher and Markenscoff (2004) have formulated the boundary value problem of traction for inhomogeneous anisotropic elastic materials in terms of stresses and applied it to spherically anisotropic materials. Peng et al. (2005) have presented a new simple engineering method for estimating the stress-intensity factor around a quarter-cracks emanating from a notch. Vetyukov et al. (2011) have suggested a novel asymptotic approach to the theory of non-homogeneous anisotropic piezoelectric plates.
In this paper, using a new semi-analytical method, called hereafter Decoupled Scaled Boundary Finite Element Method (DSBFEM), 3D bounded and unbounded elastostatic problems are investigated. The DSBFEM is the extension of the previous research of the authors for solving 2D potential and 2D elastostatic problems. Therefore, the main concepts of the method are given in this paper. In other words, emphasis is mainly devoted to those important features of the DSBFEM which are subjected to considerable modifications compared to the previous works performed by the authors. In the DSBFEM, analogous to the previous works for solving 2D bounded potential and elastostatic problems, only domain boundaries are discretized. Consequently, the governing ordinary differential equations are solved in the problem domain, analytically. The elements of the domain boundary are of special subparametric type in which, new special shape functions and higher-order Chebyshev mapping functions are employed. Proposing a weighted residual form and using Clenshaw-Curtis quadrature, the coefficient matrices of the system of equations become diagonal, which results in decoupled ordinary differential equations for the whole system. This means that the governing equation for each degree of freedom (DOF) is independent from other DOFs of the domain boundary. Accuracy and efficiency of the DSBFEM are illustrated through four benchmark problems.
3D elastostatic governing equations in global coordinates
The equilibrium equations in elasticity may be solved based on either a strong or a weak formulation of the problem. In the strong formulation, one may directly elaborate the equilibrium equations and associated boundary conditions (BCs) written in a differential form. In the weak formulation one uses an integral form of the equations of motion.
The DSBFEM is a semi-analytical procedure which is based upon a weak formulation of the governing equations of elastostatic problems. The equilibrium equations for a 3D domain X ðX & R 3 Þ shown in Fig. 1 may be described by
in which r ij indicates the stress tensor components, and f i denotes the external source of exciting forces per unit volume. For a 3D domain in global coordinates, i ¼ X; Y; Z and j ¼ X; Y; Z (see Fig. 1(a) ).
Instead of employing the governing equations and corresponding boundary conditions directly (i.e., the strong form of Eq. (1)), one may use a weak form (e.g. integral form as weighted residual method). This may be performed by weighting Eq. (1) with arbitrary weighting function ðw i Þ, and integrating over the problem domain X. This results in the following form Z
Eq. (3) will be followed and discussed in Section 5.
Geometry modeling by mapping functions
To analyze a problem using numerical methods, the problem domain should be discretized. In the DSBFEM, a scaling center (SC) is chosen from which all domain boundaries are visible ( Fig. 1(a) ). For the bounded domains, the SC can be selected inside the domain or on the boundary. As a result, the total boundary of the domain consists of two types of surfaces: the surface that pass through the SC, and the other remaining surfaces. In the DSBFEM, only the surfaces that does not pass through the SC should be discretized by n e two-dimensional (2D) subparametric elements S n e ; e ¼ 1; 2; . . . ; n e , so that S n ¼ [ ne e¼1 S n e (see Fig. 1(b) ). In the DSBFEM, a geometry transmission from global Cartesian coordinates ðx _ ; y _ ; z _ Þ to local dimensionless coordinates ðn; g; fÞ is
proposed. The transmission is performed by Chebyshev polynomials as mapping functions. Three dimensionless local coordinates n; g and f are defined as n is radial coordinate from the SC to the boundaries, while g and f are tangential coordinates on the boundary surfaces. The radial coordinate n is equal to zero at the SC and is equal to 1 on the boundary surfaces. The tangential coordinates g and f vary between À1 and þ1 on the boundary surfaces.
In addition, the displacement and stress components at each node are interpolated by special shape functions that are introduced in this paper. The mapping functions and the special shape functions are illustrated in the following sections.
After discretizing the boundary surfaces, the domain boundary geometry is approximated using mapping functions. Each element on the boundary is analogous to a quadrilateral; thus, an appropriate one-by-one mapping between a square parent element and each real physical element S n e may be established. In the DSBFEM, subparametric elements whose mapping functions ½Uðg; fÞ are different from shape functions ½Nðg; fÞ are introduced (see section 4 for more details on shape functions). If the global coordinates of the ith node of element S n e on the boundary surfaces are denoted by x i ; y i and z i , each element S n e may be defined in terms of a set of M mapping functions / a ðg; fÞ which is related to nodes a, a ¼ 1; 2; . . . ; M. 
In order to produce mapping functions, the Chebyshev polynomials are employed. The number of nodes in each boundary element is denoted by M ¼ ðn g þ 1Þðn f þ 1Þ, where ðn g þ 1Þ and ðn f þ 1Þ indicate the numbers of nodes along g or f directions, respectively. The mapping functions for an M-node element may be introduced as / a ðg; fÞ ¼ / ij ðg; fÞ ¼ u i ðgÞu j ðfÞ; i ¼ 1; 2; . . . ; n g þ 1;
The interpolation polynomials u i ðgÞ and u j ðfÞ which are Chebyshev polynomials are produced as (Lebedev, 1965) 
in which T n ðgÞ and T n ðfÞ indicate the first kind Chebyshev polynomials of order n. Moreover, c n ¼ 1 for 0 < n < n g (or, 0 < n < n f Þ, and c n ¼ 2 for n ¼ 0; n g (or, n ¼ 0; n f Þ .
Considering Eqs. (11) and (12), the Chebyshev polynomials are either zero or one at any given node 
where d is the Kronecker Delta. For reasons which will be discussed in the next sections, the nodes' position g i and f j required in Eqs. (11) and (12), are selected at special locations called Chebyshev-Lobatto-Legendre (CLL) points (Lebedev, 1965) as followings 
In other words, each element has M CLL points for a polynomial of degree of M ¼ ðn g þ 1Þðn f þ 1Þ. As expressed later, the selection of CLL points is motivated by the fact that the combination of Clenshaw-Curtis quadrature and special shape functions absolutely leads to decoupled equations and diagonal coefficient matrices. For a sixteen-node element, the position of nodes and mapping functions are demonstrated in Fig. 2 . Since the integral form of governing equation (3) contains the integral over the problem volume, a boundary surface element in the local coordinates should be defined for 3D formulation. To this end, a differential element of volume d x
in the global coordinates is considered which is related to a differential element of volume dndgdf in the local coordinates, as given below 
Using Eqs. (7)- (9) and (19) 
Furthermore, the inverse of ½Jðg; fÞ matrix is expressed as 
or using ½Jðn; g; fÞ matrix as
Consequently, substituting Eq. (22) into Eq. (27), leads to the following relation
As is clear from Eq. (3), the spatial derivatives of displacement vector are required. Therefore, considering a virtual vector 
Thus, substituting Eq. (28) 
Assume the location of an arbitrary point P in the domain is defined by (see Fig. 3 
Moreover, assume fr ;n g; fr ;g g, and fr ;f g denote the tangential vectors along n; g, and f, respectively (see Fig. 3(b) - (d)). Then, the cross product of these vectors gives a normal matrix ½N at point P. The normal matrix consists of three normal vectors fN n g; fN g g, and fN f g as given below (see Kreyszig (2006) 
Shape functions and modeling the problems
Along the radial lines passing through the SC and a node on the boundary, the nodal displacement function fuðnÞg is introduced in the DSBFEM. The displacement function fuðn; g; fÞg at point ðn; g; fÞ is obtained by interpolation of displacement field using shape functions over each element. The elements which are used in the DSB-FEM are subparametric ones, whose mapping functions and shape functions are different. In the DSBFEM, for the approximation of displacement function and its derivatives for each boundary elements, new shape functions ½Nðg; fÞ are proposed. By implementing these shape functions, diagonal coefficient matrices may be obtained for elastostatic problems, as shown in the next sections.
Using the shape functions, the displacement field for any point ðx; y; zÞ on each element of the domain boundary may be uniquely related to points ðg; fÞ on a reference surface element as 
where a denotes the node number, and À1 6 g; f 6 þ1. The shape functions proposed in the DSBFEM have two main characteristic: (a) the shape functions possess Kronecker Delta property, and (b) their first derivatives are equal to zero at any given node
In fact, for an M-node element, the proposed shape functions N ij ðg; fÞ for the ijth CLL point (or node) are produced by multiplying the interpolation function h i ðgÞ and h j ðfÞ which are related to the ith node along g direction and the jth node along f direction, as given by N ij ðg; nÞ ¼ h i ðgÞh j ðfÞ; ð47Þ
where i ¼ 1; 2; . . . ; n g þ 1 and j ¼ 1; 2; . . . ; n f þ 1. For an M-node element in the DSBFEM, the h i ðgÞ and h j ðfÞ functions are represented as polynomial of degree 2n g þ 1 and 2n f þ 1, respectively
(a) (c) (b)
whose 2n g and 2n f unknown constant coefficients, a k , may be determined using Eqs. (44)- (46). For a nine-node element as an example, n g ¼ n f ¼ 2 and therefore g 1 ¼ À1; g 2 ¼ 0 and g 3 ¼ þ1, and also f 1 ¼ À1; f 2 ¼ 0 and f 3 ¼ þ1 . Using Eqs. (44)- (46), (48) and (49), the interpolation functions along g and f direction of this element may be found as
(a)
(c) Fig. 5 . Example 1: a 3D solid rod; (a) geometry and boundary conditions; geometry and meshing in the local coordinates system using (b) three, (c) five, (d) seven, and (e) nine nine-node elements; (f) the boundaries of the problem is discretized using 7 nine-node elements with 39 nodes.
and
Substituting Eqs. (53)- (55) into Eq. (47), the nine shape functions on these nodes are
See Fig. 4 for the shape functions of a sixteen-node element. For other constant coefficients of a k in Eqs. (48) and (49), see Table 1 of Khodakarami and Khaji (2011 As the first derivatives of the shape functions at nodes are zero (see Eqs. (45) and (46)), the second term of Eq. (66) at the nodes will vanish. Moreover, using the properties of proposed shape functions (Eqs. (44)- (46) 
where ½D indicates the elasticity matrix of the problem, and similar to Eq. (67), the second term of Eq. (73) at nodes of elements is equal to zero. 
System of ordinary differential equations
Substituting Eqs. (72), (76) and (77) In local coordinates ðn; gÞ, the weighting function fwðn; g; fÞg may be interpolated using the shape functions as fwðn; g; fÞg ¼ ½Nðg; fÞfwðnÞg: 
Using Eqs. (67)- (71), the coefficient matrices and vectors may be derived as As the coefficient matrices ½D 0 ; ½D 1 , and ½D 2 are independent of n, Eq. (91) is a system of ordinary differential equations of radial coordinate n, and represents the governing equations of the DSB-FEM for elastostatic problems.
Quadrature
In order for calculate the coefficient matrices ½D 0 ; ½D 1 , and ½D 2 and vector fF b ðnÞg, it is required to calculate integrals over each element, numerically. As the nodes are located at CLL points, the Clenshaw-Curtis quadrature rule is employed (Clenshaw and Curtis, 1960) , which in turn leads to diagonal coefficient matrices as explained later. Implementing the Clenshaw-Curtis quadrature rule for 3D problems, integrations over the elements on the boundaries S n e may be written as the result in Eq. (92). As a result, the components of coefficient matrices may be found as
in which d ij indicates the Kronecker Delta. Based on the results of Section 4, the special shape functions introduced in the DSBFEM, present the following properties
which result in diagonal coefficient matrices. As a result, the system of differential (91) 
. . . . . .
. . .
Eq. (104) provides a system of differential equations for 3m DOFs. Each differential equation in Eq. (104) depends only on the elastostatic function of the ith DOF. In other words, the coupled system of differential equations has been transformed into decoupled ordinary differential by the virtue of a special set of mapping functions, shape functions, and numerical integration, through a weak formulation procedure. In other words, to compute the displacement function and its derivatives at a given point, the governing equation that is corresponding to that point should be solved, only. In addition, as may be observed in next sections, the decoupled differential equations system proposed by the DSBFEM also provides excellent accuracies by employing a few numbers of DOFs compared to other numerical methods. The general solution of differential Eq. (104), for the ith DOF, is given as
in which A i and B i are the constant coefficients which are evaluated by imposing the BCs at n on the boundaries, corresponding to the ith DOF. It should be noted that n 2 ½0; 1 for bounded media, and n 2 ½1; 1Þ for unbounded or semi-infinite media. It is worthwhile remarking that the general solution of the governing Eq. (103) should be solved for each DOF, along x, y and zdirections, separately. Therefore, Eq. (105) gives the variation of displacement field in the problem domain along radial coordinate n associated with the ith DOF. In order to compute the displacement or stress at any given point in the domain or on the boundaries, except nodes, interpolating with shape functions should be employed.
The DSBFEM should be clearly categorized as a semi-analytical solution method which presents approximate numerical solutions on the boundaries, while provides exact analytical solutions within the domain of interest.
Numerical experiments
In this section, four elastostatic problems in 3D space, are selected and investigated to illustrate the efficiency and accuracy of the DSBFEM.
3D cantilever beam
The first example is a simple classical benchmark test of 3D cantilever beam with square cross section of 1 Â 1 m and length of 3 m as shown in Fig. 5(a) . The beam is loaded by shear traction along Ydirection at its free end. The equivalent force of shear traction is 5 kN. The material properties are: Young's modulus E ¼ 2Â 10 5 MPa, and Poisson's ratio m ¼ 0:3. In this problem, the SC is selected as shown in Fig. 5(b) -(e). Consequently, the boundary surfaces located at X ¼ 0:5; Y ¼ À0:5 and Z ¼ 0 do not need to be discretized, while other remaining boundary surfaces are discretized using nine-node elements as shown schematically in Fig. 5(f) .
To evaluate the performance of the DSBFEM, and to give assurance of the robustness of the method, convergence studies are examined in this example. The results of convergence tests allow the reader to know how fine the element mesh should be to obtain results of a particular level of accuracy. To this end, the boundary sides of the beam are discretized using four various mesh densities including 19, 29, 39, and 49 DOFs, as shown in Fig. 5(b) -(e), respectively. Fig. 6(a) represents the variation of vertical displacement component along Z-axis at plane ðX ¼ 0; Y ¼ 0Þ calculated using the DSBFEM based on the above-mentioned mesh densities. To evaluate the accuracy of the obtained results by the DSBFEM, the results of analytical solution (Timoshenko and Goodier, 1970) 
Boussinesq's problem
The second example considers the Boussinesq's problem which involves a concentrated force along Z-direction, fPg ¼ 0 0 b À25c T kN, normal to the free surface of a semi-infinite solid medium, as shown in Fig. 9 . The concentrated force is applied at point ðX ¼ 0; Y ¼ 0; Z ¼ 0Þ. The material properties are taken as:
Young's modulus E ¼ 15 MPa, and Poisson's ratio m ¼ 0:3. Obviously in this problem, the displacement components are zero at a finite distance far from the concentrated load. Furthermore, the tractions components at free surface of the medium are trivial. As a result, these boundary conditions are considered to obtain the displacement and stress field related to corresponding DOFs.
For the semi-infinite domain of the present problem, the SC is chosen outside of the domain (see Fig. 9b ). In order to model the underlying domain, a square of 10 Â 10 m 2 of the free surface is discretized using only 16 nine-node elements with 45 nodes (see Fig. 9(c) ). contour of vertical stress at the plane of Y ¼ 0, calculated using the DSBFEM, is depicted in Fig. 12. 
Spherical cavity in an infinite medium
In the third example, the problem of a stress-free spherical cavity of radius r ¼ 1 m, in an infinite elastic medium subjected to a uniform tensile stress at infinity is studied. The problem is depicted in Fig. 13(a) , in which for convenience, the Z-axes is oriented along the direction of the uniform far field stress r ZZ ¼ 1 MPa. The material properties for this example are: Young's modulus E ¼ 200 GPa, and Poisson's ratio m ¼ 0:3 . In this problem, the inner surface of the spherical cavity is traction free (Neumann BC) and the displacement components at infinity vanish (Dirichlet BC).
Due to symmetry, it is sufficient to model one octant of the problem with suitable symmetrical BCs, as depicted in Fig. 13(b) . As the domain of this problem is infinite, the SC is chosen at point (0, 0, 0) on the center of spherical cavity (Fig. 13(c) ), and the spherical cavity of the infinite domain is discretized using only 12 ninenode elements with 62 nodes. The results obtained by the DSBFEM for the stresses are summarized in Fig. 14 , where analytical solutions (Timoshenko and Goodier, 1970) are also plotted for comparison. It can be seen that the accuracy of the DSBFEM is good enough to analyze unbounded elastostatic problems.
L-shaped bracket problem
In order to show the capabilities of the DSBFEM in solving more complicated 3D stress fields, the L-shaped bracket domain is investigated as the last example. A tensile stress of r XX ðY; ZÞ ¼ 500ðÀZ þ 0:75YÞ Pa is applied at side X ¼ 4 m of the bracket as shown in Fig. 15(a) . The material properties for the bracket are assumed as: Young's modulus E ¼ 200 kPa, and Poisson's ratio m ¼ 0:25 . In this problem, the displacement components at side X ¼ 0 m are vanished. As shown in Fig. 15(b) , the SC is located at ð4; 0; À2Þ. The boundary surfaces of X ¼ 4; Y ¼ 0, and Z ¼ À2 are not required to be discretized, while other remaining boundary surfaces are discretized using nine-node elements, with total 399 DOFs (see Fig. 15(b)-(c) ). Fig. 16 represents variations of displacement components along line ''b'', while variations of stress components along line ''a'' are plotted in Fig. 17 . In these figures, the corresponding results of displacement and stress components obtained by the FEM are also drawn for comparing the results of both methods. The FEM mesh includes solid eight-node brick elements, with total 1728 DOFs. As shown in these figures, the results obtained using the DSBFEM are in good agreement with the results of the FEM.
Conclusions
In this paper, detailed formulation of the proposed semi-analytical method, called DSBFEM, for modeling 3D elastostatic problems has been presented. As illustrated and discussed, by employing new subparametric elements with higher-order Chebyshev polynomials as mapping functions, the special polynomials as shape functions and Clenshaw-Curtis quadrature to calculate corresponding integrals, diagonal coefficient matrices regarding to decoupled ordinary differential equations have been obtained. Elastostatic analyses of four benchmark problems of bounded, semi-infinite and unbounded domains have been successfully carried out using the DSBFEM. In these examples, various elastostatic problems and boundary conditions have been selected to illustrate the generality and applicability of the DSBFEM. It is remarkable that all these examples have been modeled with very small number of DOFs, preserving high accuracy comparing with available analytical solutions.
Further development of the DSBFEM for the analysis of 3D elastodynamic problems is left as a future topic, whose 2D case has been recently published (Khodakarami et al., 2012) . This topic is currently being followed by the authors and its results will appear soon.
